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Abstract 
A Hilbert spectrum analyzer was developed and characterized with monochromatic radiation sources at the frequency 
range from 30 GHz to 1 THz. The analyzer was based on a high-Tc frequency-selective Josephson detector and 
cooled to temperatures of 60-80K by a Stirling cryocooler. The instrumental function of the spectrum analyzer was 
shown to be of Lorentz type and within accuracy up to 0.1% without any harmonic and subharmonic contributions. 
Spectral characterization of THz sources, based on frequency multiplication of input microwave radiation by 
Schottky diodes, was demonstrated for input frequencies from 10 to 20 GHz with a total scanning time as low as 50 
ms per scan. The developed Hilbert spectrum analyzer might be considered as a compact and high-speed substitute of 
conventional Fourier spectrometers, which are used for characterization of THz radiation sources in combination with 
liquid-helium-cooled silicon bolometers. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Horst Rogalla and 
Peter Kes. 
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1. Introduction 
Closing the THz gap in the electromagnetic spectrum is associated with the development of new 
radiation sources, detectors, spectrum analyzers and imagers [1]. Several approaches are involved in this 
process, and high-Tc Josephson technology is among them [2]-[6]. Spectral characterization of new THz 
radiation sources are usually carried out with the help of Fourier-transform spectrometers in combination 
with liquid-helium-cooled broadband silicon bolometers [2], [3]. According to the operational principle, 
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mechanical scanning of movable mirror in the interferometer of Fourier spectrometer is required to get 
spectra of incoming radiation and the maximum scanning length determines the resolution of the 
technique. Due to these circumstances, Fourier spectrometers are slow and low-resolution devices 
compared with spectrum analyzers based on heterodyne receivers, but the latter are suffering from a 
limited frequency range of operation. It is challenging to develop a broadband, compact and high-speed 
THz spectrum analyzer, operating at much higher, than liquid-helium, temperatures. Here, we present the 
results of our development and characterization of THz Hilbert transform spectrum analyzer which is 
based only an electronic device, a high-Tc Josephson junction integrated in a close-cycle compact Stirling 
cooler.  
2. Hilbert spectroscopy 
Hilbert-transform spectroscopy is based on the ac Josephson effect in superconducting junctions [7]. It 
is by principle a very fast technique, since the frequency scan is performed entirely electronically. If a 
Josephson junction, described by resistively-shunted junction model (RSJ) [8], in the resistive state is 
irradiated by electromagnetic radiation, the electrical response function H(V) ∝ ΔI(V)⋅I(V)⋅V (where V
denotes the voltage across the junction, I(V) is the current through the junction and ΔI(V) is the square-
law current response of the junction to radiation) is proportional to the Hilbert transform of the spectrum 
S(f) of the incident radiation [7]. Applying an inverse Hilbert transformation to the measured response 
H(V), the spectrum S(f) can be recovered as   
                                                                                      ,                 (1)  
where fj = 2eV/h is the Josephson frequency.
The principle of Hilbert spectroscopy is similar to that of Fourier spectroscopy or time-domain 
spectroscopy, because in all these techniques the spectrum of electromagnetic radiation and the detected 
electrical signal as a function of a variable parameter are related by an integral transformation. The 
important distinction, however, is that a direct transformation of the spectrum into an electrical signal in 
Hilbert spectroscopy is realized in a nanoelectronic device, the Josephson junction, while in Fourier- or 
time-domain spectroscopies this procedure requires a bulky optical-mechanical device, an interferometer 
or optical delay line, together with a broadband detector. 
Several laboratory set-ups of Hilbert transform spectrometers have been developed and tested with 
YBa2Cu3O7-x bicrystal Josephson junctions in the frequency range from a few GHz to a few THz. Power 
dynamic ranges of the square-law response ΔI up to 53 dB (selective) and 63 dB (broadband) have been 
demonstrated with a noise equivalent power NEP ~10-14 W/Hz1/2 in the subTHz range and at liquid 
nitrogen temperatures [9]. These setups have been successfully used for the measurement of Lorentz 
spectra of Josephson oscillations, the high-harmonic content of commercial millimeter-wave oscillators, 
polychromatic radiation from optically-pumped far-infrared gas lasers and spectra of coherent transition 
radiation from relativistic electron bunches at the TESLA Test facility at DESY (Hamburg) [9].  
3. Experimental data 
To operate in the terahertz range, the junctions should have characteristic voltages IcRn exceeding 1 
mV ( Ic is the critical current and Rn is the normal-state resistance of the junction). We have fabricated 
both [001]-tilt and [100]-tilt YBa2Cu3O7-x bicrystal junctions by using high-oxygen-pressure sputtering 
[5]. The IcRn-values of the junctions were up to 8 mV at a temperature of 4.2 K and up to 1 mV at 77.3K  
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Fig. 1. (a) Log-periodic sinuous antenna with a bicrystal junction in the center. (b) Hilbert spectrum analyzer integrated on a
Stirling cooler. 
for [100]-tilt junctions and up to 3 mV at 4.2K and 0.3 mV at 77.3K for [001]-tilt junctions [5]. UV 
lithography and etching in Br/ethanol solution were used for patterning of sputtered films. At the end of 
fabrication, the junctions were annealed in atomic oxygen at 140°C to decrease the normal-state 
resistance Rn, 1/f noise and deviations from the RSJ model [10]. A log-periodic sinuous antenna with 
maximum radius of 1 mm was integrated with each YBa2Cu3O7-x bicrystal junction on the substrate (Fig. 
1a). 
Junctions were cooled to the temperature in the range from 80 to 60 K by placing them on a coldfinger 
of a Stirling cooler (Fig. 1b). Voltage bias electronics with noise level of 1.7x10-10 V/Hz1/2and a 
bandwidth of 6 MHz was also placed on the cold finger. A hyperhemispherical Si lens with a bicrystal 
junction and antenna was attached to the substrate. Radiation to be characterized was directed to the Si 
lens through an input cone with absorbing walls, an input wedge window made of polyethylene and 
radiation shields. A Stirling cooler SL200 from AIM Infrarot Module GmbH was used in this analyzer. 
Special shielding was arranged to protect the junction from static and ac magnetic fields of a compressor 
of the cryocooler. Heat produced by the cryocooler was removed by blowing air with a fan.   
Frequency multipliers based on Schottky diodes (Radiometer Physics GmbH) were used as sources of 
THz radiation in this study. Microwave radiation from a synthesizer HP 83630A with frequencies in the 
range from 10 to 20 GHz was fed into the inputs of the multipliers and the spectral distribution of output 
power from the multiplier was measured by a Hilbert spectral analyzer. A lock-in amplifier with time 
constants from 1ms to 10μs was used in the measurement procedure.  
The instrumental function of the Hilbert spectrum analyzer was measured for a single spectral line 
from the output of multipliers. The results of the measurements for a frequency of 430.7 GHz are shown 
in Fig. 2a. Only a single spectral line at 430.7 GHz is observed in the recovered spectrum. Within an 
accuracy of 0.1-1% there are no contributions either at subharmonic voltages of the main line or at 
harmonic voltages. The square-law detection mechanism and the instrumental function, concentrated at a 
single frequency value, guarantee high-quality spectral measurements with this Hilbert spectrum analyzer.  
Spectral width of the instrumental function in Fig. 2a, was around 1.5 GHz for a junction resistance Rn of 
0.3 Ohm and a temperature T of 61 K, used in this experiment, but it was as low as 0.8 GHz for higher T
and lower Rn.
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Fig. 2. (a) Instrumental function of Hilbert spectrum analyzer for the input frequency of 430.74 GHz. (b) Example of polychromatic 
spectra from the output of a frequency multiplier with a nominal multiplication factor of 18, measured by Hilbert spectrum analyzer 
for 500 ms (red line) and 50 ms (blue line). 
To demonstrate the potential of the developed spectrum analyzer, output radiation of a multiplier with 
two spectral lines, with one strong spectral component and a closely spaced second spectral component 
with small intensity, has been characterized. The resulting spectra, recovered by the Hilbert spectrum 
analyzer, are shown in Fig. 2b. A red line represents spectrum recovered for a total scanning time of 500 
ms, a modulation frequency of 100 kHz and a time constant τ of a lock-in amplifier of 100 μs. This 
spectrum demonstrates a strong line at the frequency of 320 GHz, which corresponds to the 18th 
harmonic of the input frequency of 17.788 GHz. Also, there is a clear line at 355 GHz, which corresponds 
to the 20th harmonic of the input frequency and is of two orders lower in intensity, than a main line at 320 
GHz. This small component in the output radiation of multiplier is observed in recorded spectra, even 
when they were recorded 10-20 times faster. A spectrum, measured for a total scanning time of 50 ms is 
presented in Fig. 2b by a blue line. A lower time constant τ of 10 μs was used to reach this total scanning 
time. Noise voltages at the same modulation frequency has increased in (10)1/2 ≅ 3 times due to an 
extended postdetection bandwidth F = 1/4τ and, to reduce this increase of noise, the modulation 
frequency fm was increased up to 400 kHz. The spectral intensity of the noise in junctions has been 
described by a 1/f function [10], so an increase of the modulation frequency by four times leads to a two-
fold decrease of noise voltages. As a result, the spectrum measured at higher speed for 50 ms at 400 KHz 
(blue line in Fig. 2b) demonstrates approximately the same signal/noise ratio as the spectrum measured 
for 500 ms at 100 kHz. (red line in Fig. 2b).  
Many of the spectra of output radiation from multipliers, measured by the Hilbert spectrum analyzer, 
were of polychromatic type, and some of them were spread in a quite extended frequency range. The 
spectral range of a frequency-selective detector, based on YBa2Cu3O7-x bicrystal Josephson junctions 
might span from one to two orders depending on junction temperature [11], so all these extended spectra 
were easily recovered by the developed Hilbert spectrum analyzer. An example of such a polychromatic 
spectrum, measured at the output of one of the multipliers is presented in Fig. 3a. The multiplier consisted 
of a chain of active and passive multupliers with nominal multiplication factors of x6 and x5. At the input 
frequency fin of 12.982 GHz, the output spectrum contains three lines at 78 GHz, 390 GHz and also 545 
GHz. So, instead of one line with nominal frequency of fin ×30 = 390 GHz, the output spectrum 
demonstrates also the line with fin ×6, which passes with large attenuation through a passive multiplier x5,  
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Fig. 3. (a) Polychromatic spectrum of output radiation for a chain of active and passive multipliers. (b) Modification of the output 
spectra of a multiplier at various levels of input power with frequency of 17.8 GHz.  
realized in a short-length waveguide WR2.8. Additionally, the spectrum contains the line with fin × 42, 
which shows potential of this multiplier for delivering higher THz frequencies.  
Polychromatic spectra were mostly observed at the output of THz frequency multipliers due to the 
difficulties in proper filtering of undesired frequency harmonics except the nominal one and also due to 
nonmonotonic dependences of these harmonics on the input power of multipliers. An example, 
illustrating the latter circumstance, is presented in Fig. 3b. The spectrum of output radiation, when a 
multiplier is pumped by a low-level input power of 0.4 dBm, consists of four spectral lines, which are 
approximately of the same intensity and correspond to the multiplication of the input frequency of 17.8 
GHz by a factor of n =15, 16, 17 and 18. When the input power is increased, only a line with n=18 grows 
monotonically with input power, while the lines with n= 15, 16 and 17 show nonmonotonic behavior and 
some of them, n= 15 and 17, even disappear at highest input power of 11.6 dBm. Nevertheless, the 
spectrum in Fig.3b even at high power level is not monochromatic, because of the line with n=16 which 
shows an oscillating intensity during an increase of input power.  
Unique single-valued instrumental function (Fig. 2a), broad spectral range (Fig. 3a), large signal/noise 
ratio and high scanning speed (Fig. 2b) allow us to perform a full-scale characterization of THz sources, 
like multistage multipliers based on GaAs Schottky diodes. Results of spectral analysis for such a 
multiplier are presented in Fig. 4. Microwave radiation from a synthesizer HP83630A with a frequency fin
was supplied to the input of a multiplier. At first, the frequency fin was multiplied x2 and than x3 with a 
help of active stages to get radiation inside the W-band. This radiation served as an input for a passive 
multiplier with a nominal multiplication factor x3. Radiation with frequencies of a few hundred GHz 
appeared at the output of this multiplier (Fig. 4). Spectra of output radiation were measured by the Hilbert 
spectrum analyzer for each input frequency in the range from 9 to 18 GHz with a frequency step of 50 
MHz. Each spectral measurement took from a few seconds to 0.2 seconds. Complete characterization of 
one multiplier, i.e. measurements of a two-dimensional distribution S(fout,fin), includes around 200 spectra 
and lasts for around 30 minutes, where the most of time is needed for a manual dialing of the input 
frequency and saving of data. 
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It follows from Fig. 4, that with an increase of 
the input frequency fin from 9 to 18 GHz, output 
radiation with a nominal multiplication factor of 
18 is close to monochromatic one only at input 
frequencies in the range from 15 to 18 GHz. 
Also, in addition to the main spectral component, 
there are components with multiplication factors 
of n = 20, 22, 24 ... 30 and even traces of odd 
components with n = 19, 21 and 23 for low 
frequencies fin, from 9 to 15 GHz.  
Fig. 4. Spectra S(fout, fin) of output radiation from a chain of 
multipliers with a nominal multiplication factor n = 18, 
measured by Hilbert spectrum analyzer.  
4. Conclusions
The developed Hilbert spectrum analyzer, 
operating on a Stirling cooler, might be 
considered as a compact and high-speed 
substitute of conventional Fourier spectrometers, 
which are used for characterization of new THz 
radiation sources in combination with liquid-
helium-cooled silicon bolometers. Express 
characterization of a single output spectrum of THz multipliers by Hilbert transform spectrum analyzer 
was demonstrated for a scan time as low as 50 ms and with a signal-noise ratio of 102-103.
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